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ρ = c coshu cos v,

z = c sinh u sin v. 112

� −∞ < u < ∞ � � �−(π/2) ≤ v ≤ (π/2) � 0 ≤ u < ∞ ��/�� )� (u, v) 
�  ��,3
45 � �)�� 
� �#&�3���� u = const 
� �#��� � �(�) � *6�- �� �*7�3 0 ≤ v ≤ (π/2)
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� �#��� � � ���)
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∇2 =
1

D2(u, v)

(
1

coshu

∂

∂u
coshu
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1
cos v

∂

∂v
cos v

∂

∂v

)

+
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c2 cosh2 u cos2 v

∂2

∂φ2
, 122
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D2(u, v) := c2 (cosh2 u − cos2 v),

= c2 (sinh2 u + sin2 v). 132

.�	' (ρ, φ, z) 
� 
)��)���) � ������ 
� �� 0) (s, φ, t) � ������ �8�� � ��� ��
���/�� �����

ρ = c sinh s cos t,

z = c cosh s sin t. 142

s = const 
� � #� �� � �−(π/2) ≤ t ≤ π/2 � 0 ≤ s < ∞ �� /� � (s, t) 
�  � � , 3
��'��5�� 
� �#&�3�6�6:#"�� t = const 
� �#��� � � ���)  ��>
 � �)�� 
� �#&�3����
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1

F 2(s, t)

(
1

sinh s

∂

∂s
sinh s

∂

∂s
+

1
cos t

∂

∂t
cos t

∂
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)

+
1

c2 sinh2 s cos2 t

∂2

∂φ2
, 152
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F 2(s, t) := c2 (cosh2 s − sin2 t),

= c2 (sinh2 s + cos2 t). 162
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[
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(
1

cos2 v
− 1

cosh2 u

)
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∂φ2

]
Φo = −D2(u, v) �, 172
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A :=
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coshu
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∂u
coshu

∂
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B :=
1

cos v

∂

∂v
cos v

∂

∂v
. 182

��/�� $a% .�� )�5 
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[
C + E +

(
1

cos2 t
+

1
sinh2 s

)
∂2

∂φ2

]
Φp = −F 2(s, t) �, 192
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� �6�E' � � F�,���5 Φp �


C :=
1

sinh s

∂

∂s
sinh s

∂

∂s
,

E :=
1

cos t

∂

∂t
cos t

∂

∂t
. 1102
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1
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cos v

∂
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)
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c =
√

a2 − b2 1132

��/��

u = u0, 1142

�


u0 := sinh−1 b√
a2 − b2

. 1152

� &���� � ��0 � *��Q � �)�P� &�3���� .�) � &��� �R���R6) � ��� 
� �6�E' "�	
 S�7
T*�) �UV &!

� = �0 H(u0 − u), 1162

TΛ � *��Q � V � U 
� �#��W�� � +,- �� �*�) �?5 � H��� H �


U := sinh u,

V := sin v,

Λ := c2 �, 1172

��/�� $a% .�� )�5 
� �6����

(A + B)Φo =−Λ (U2 + V 2)H(U0 − U),

=−2 Λ
3

[PA
2 (U)PB

0 (V ) + PA
0 (U)PB

2 (V )] H(U0 − U), 1182
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)�?CD�	' PB
l �
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PA
l (U) := i−l PB

l (i U). 1192

� I�� ��

PA
0 (U)= 1,

PA
2 (U)=

3 U2 + 1
2

,

PB
0 (V )= 1,

PB
2 (V )=

3 V 2 − 1
2

. 1202

���/�� V � U � +,- �� �B � A 
� �#�3FCY �Z	C[

A=
∂

∂U
(1 + U2)

∂

∂U
,

B =
∂

∂V
(1 − V 2)

∂

∂V
. 1212

�.�	'"#

U0 :=
b√

a2 − b2
. 1222


� 
0�� � \�)�/ �� 1182 
� �6���� � F- ]�#

∂Φo

∂U

∣∣∣∣
U=0

= 0, 1232

lim
U→∞

Φo = 0 1242

�*�)

�  ��^� _5 �*�) [−l (l + 1)] � �)�P� I�� �� B � H��� I�� PB

l
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Φo(U, V ) =: Υ0(U)PB
0 (V ) + Υ2(U)PB

2 (V ) 1252

��/�� �a��� 1182 
� �6���� 0) ���) FP�,��b; �# PB
l &�' �"���3�� �N� �� )�

AΥ0(U) =−2 Λ
3

PA
2 (U)H(U0 − U), 1262

(A − 6)Υ2(U) =−2 Λ
3

PA
0 (U)H(U0 − U). 1272
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dΥ0

dU

∣∣∣∣
U=0

= 0, 1282

lim
U→∞

Υ0 = 0, 1292

dΥ2

dU

∣∣∣∣
U=0

= 0, 1302

lim
U→∞

Υ2 = 0. 1312


� �6���� �*�) A � F�,�)�U�� � �3FCY 
� )�� "N	� 
� �3�	�R� 9� U → ∞ 
� �bP�

[A − l (l + 1)] ΠA
l (U) = 0, 1322

�� 
�):3�D �� �"���E� Uk � FR/ �� )� U → ∞ �� ΠA
l � ���7� �3) �����E� �N� �� )�

��/��  ��� �6����

k = l, −(l + 1). 1332

.�) ���/�� �UV U → ∞ �� U−l−1 �� �c�	�� � d)�D ��/�� �U	��� l �
 .�) � S�7 ��

� �6���� � d)�D 9� �/�� e�=V l �3) �.�	'"# �"�#��� f��C� RA

l (U) �� )� d)�D

� )0) � � � ��7 ��7 
� �# l 
� )0) � � � *�) 
)�?CD�	' �
 �*�) PA

l (U) &�C# 1322
��/�� 1322 � d)�D ��U	��� � e�=V 
� �# l 
� )�� _5 �*�) g�0 g�0 
� �# l
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ΠA
l = μ PA

l + ν RA
l . 1342

�
 "���3�� &�	' )� RA
l � K��a	^�

RA
l (U) = PA

l (U) cot−1 U + P̃A
l (U), 1352

�
 &�	' �*�) (l − 1) 
� �D�� 0) �� 
)�?CD�	' P̃A
l �


[A − l (l + 1)] P̃A
l (U) = −2

d
dU

PA
l (U). 1362

��?CD 0)

RA
0 (U)= cot−1 U,

RA
2 (U)=PA

2 (U) cot−1 U − 3
2

U. 1372

�#��� �a��� 1292 � 1282 
� 
0�� � \�)�/ ��  )�"# 1262 
� �6����

Υ0(U) =

⎧⎪⎨
⎪⎩

−Λ
9

PA
2 (U) + α PA

0 (U), U < U0

β RA
0 (U), U > U0

. 1382

*�� �� β � α 
� �#+��[ �U = U0 �� K @ i�>� � Υ0 
� �3�����5 0)  ��U��) ��
T�	�!��

α =−Λ
9

W (PA
2 , RA

0 ; U0)
W (RA

0 , PA
0 ; U0)

,

β =−Λ
9

W (PA
2 , PA

0 ; U0)
W (RA

0 , PA
0 ; U0)

, 1392

T*�) $c% �R,����j W �


W (f, g; x) := f(x) g′(x) − g(x) f ′(x). 1402

��/�� �a��� 1382 �� 1392 
� 
�):3�D ��
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Υ0(U) =

⎧⎪⎪⎨
⎪⎪⎩

Λ
6

(U2
0 − U2) +

Λ
3

U0 (U2
0 + 1) cot−1 U0, U < U0

Λ
3

U0 (U2
0 + 1) cot−1 U, U > U0

. 1412

�#��� �a��� 1312 � 1302 
� 
0�� � \�)�/ ��  )�"# 1272 
� �6���� �+���� .�C# ��

Υ2(U) =

⎧⎪⎨
⎪⎩

Λ
9

PA
0 (U) + γ PA

2 (U), U < U0

δ RA
2 (U), U > U0

. 1422

*�� �� δ � γ 
� �#+��[ �U = U0 �� K @ i�>� � Υ2 
� �3�����5 0)  ��U��) � �
T�	�!��

γ =
Λ
9

W (PA
0 , RA

2 ; U0)
W (RA

2 , PA
2 ; U0)

,

δ =
Λ
9

W (PA
0 , PA

2 ; U0)
W (RA

2 , PA
2 ; U0)

. 1432

��/�� �a��� 1422 �� �#.�) � .�/):3 ��

Υ2(U) =

⎧⎪⎪⎨
⎪⎪⎩

Λ
18

{[3 U0 (U2
0 + 1) cot−1 U0 − 3 U2

0 − 2] (3 U2 + 1) + 2}, U < U0

Λ
6

U0 (U2
0 + 1) [(3 U2 + 1) cot−1 U − 3 U ], U > U0

.

1442
��/�� �a��� 1442 � �1412 �1252 0)

Φo = Φ−
o H(U0 − U) + Φ+

o H(U − U0), 1452

�


Φ−
o =

Λ
36

{[3 U0 (U2
0 + 1) cot−1 U0 − 3 U2

0 − 2] (3 U2 + 1) + 2} (3 V 2 − 1)

+
Λ
6

(U2
0 − U2) +

Λ
3

U0 (U2
0 + 1) cot−1 U0 1462
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�

Φ+
o =

Λ
12

U0 (U2
0 + 1) {4 cot−1 U + [(3 U2 + 1) cot−1 U − 3 U ] (3 V 2 − 1)}. 1472

"��)� �*/�� "# 1&�3���� � &��� � ���2 Qo � +,- �� ��/�� )� ���GY .�)

Qo =
4 π

3
Λ b a2

c2
, 1482

�

U0 (U2
0 + 1) =

b a2

c3
. 1492

��D.�) 0)

Φ+
o =

Qo

16 π c
{4 cot−1 U + [(3 U2 + 1) cot−1 U − 3 U ] (3 V 2 − 1)},

=
Qo

4 π c
[RA

0 (U) + RA
2 (U)PB

2 (V )]. 1502

�m�P� .�) �� �L�M� 
� �# U �� ��) �c�	�� &�3���� 0) ��� � m�P�

Φo ≈ Qo

4 π c U
,

≈ Qo

4 π r
, 1512

�*�) &�3���� � M
�� 0) �?V�7 r �

b → 0 � �- �	�� .�) ���/ F��G� n�o �� &�3���� �
 *�) .�) 
�- � *6�- 9�
��� ��/�� �*�) Φ+

o �D�C# F�,���5 � �*�) c &�C# a *6�- .�) �� �*��Q Qo � a ��
"��)� �*�) ��o �' FV�- � n�o 
� �=b�
� �6�E'

σ =−2 lim
z→0+

(
∂Φo

∂z

)
ρ

,

=−2 lim
z→0+

[(
∂Φo

∂u

)
v

(
∂u

∂z

)
ρ

+
(

∂Φo

∂v

)
u

(
∂v

∂z

)
ρ

]
. 1522



�)����*;)��9� � �5�� � �)�� � &�3���� pq

��/�� �a��� �D.�) 0)

σ =
3 Qo

2 π c2
sin v,

=
3 Qo

2 π c2

√
1 − (ρ/c)2. 1532

� ��� G Y �� /��  � �� �3 �� �� � ��/� � " # � �� G � � �*, � � *;)� �9 � � 6� E' . �)

� ��U?
 �� �z � ��=� 0) ρ 
� �?V�7 �� &�3���� 
� ��U?
 � *G,� √

1 − (ρ/c)2


� �6�E' � �- "# �=b� 
� �6�E' .�) �*�) b → 0 � �- �� �z � ��=� �� &�3����
�*�) b → 0 �� �&�3���� 
� ��U?
 �� �Ca-

����� � �	
� � �
����� 2

�K @ 9'�
 � L�M� 
� �#��=�"�� �
 "���3�� �N� ��  ��>
 � �)�� � &�3���� 9�

� 
O �G� )� &! � M
�� � �z � ��=� )� &�3���� .�) � &��P� � ��=� ���) b � a +���� ��
�� 8�� � ��� 
� 
���� � ������ �� &�3���� .�) 
� �6���� �"���3�� ������

c =
√

a2 − b2 1542

��/��

s = s0, 1552

�


s0 := cosh−1 a√
a2 − b2

. 1562

� &���� � ��0 � *��Q � �)�P� &�3���� .�) � &��� �R���R6) � ��� 
� �6�E' "�	
 S�7
T*�) �UV &!

� = �0 H(s0 − s), 1572

TΛ � *��Q � T � S 
� �#��W�� � +,- ��
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S := cosh s,

T := sin t,

Λ := c2 �, 1582

��/�� $a% .�� )�5 
� �6����

(C + E)Φp =−Λ (S2 − T 2)H(S0 − S),

=−2 Λ
3

[PC
2 (S)PE

0 (T ) − PC
0 (S)PE

2 (T )] H(S0 − S), 1592

� I�� �� ���) l 
� �D�� 0) $b% ���)I6� 
� �#
)�?CD�	' PC
l � PE

l �


PC
0 (S)= 1,

PC
2 (S)=

3 S2 − 1
2

,

PE
0 (T )= 1,

PE
2 (T )=

3 T 2 − 1
2

. 1602

���/�� T � S � +,- �� �E � C 
� �#�3FCY �Z	C[

C =
∂

∂S
(−1 + S2)

∂

∂S
,

E =
∂

∂T
(1 − T 2)

∂

∂T
. 1612

�.�	'"#

S0 :=
a√

a2 − b2
. 1622



�)����*;)��9� � �5�� � �)�� � &�3���� p<

�� ��� ��) ���
 d�,- )� Φp � F�,���5 f�5 � f�� � K�� �� ���>� 
 K�� �� ��/��
m���� B � �3FCY �� E � �3FCY � �A � �3FCY �� C � �3FCY "�	
 �D�� �
 *�) .�)

T*�)

C = A(U → i S),

E = B(V → T ), 1632

�� Φp  �3&! ��/�� 1182 � d)�D Φo �3) ��/��  ��� �D&! 0) �

Φp(S, T ) := −Φo(i S, T ) 1642

�
�):3�D .�) �� �*�) 1592 � d)�D

cot−1(i S) = −i coth−1 S. 1652

�+���� .�) ��

Φp = Φ−
p H(S0 − S) + Φ+

p H(S − S0), 1662

�


Φ−
p =

Λ
36

{[−3 S0 (S2
0 − 1) coth−1 S0 + 3 S2

0 − 2] (3 S2 − 1) − 2} (3 V 2 − 1)

+
Λ
6

(S2
0 − S2) +

Λ
3

S0 (S2
0 − 1) coth−1 S0 1672

�

Φ+
p =

Λ
12

S0 (S2
0 −1) {4 coth−1 S− [(3 S2−1) coth−1 S−3 S] (3 V 2−1)}. 1682

"��)� �*/�� "# 1&�3���� � &��� � ���2 Qp � +,- �� ��/�� )� ���GY .�)

Qp =
4 π

3
Λ a b2

c2
, 1692

�

S0 (S2
0 − 1) =

a b2

c3
. 1702



pB X1-035 (2006/01/08) ���; �C=�

��D.�) 0)

Φ+
p =

Qp

16 π c
{4 coth−1 S − [(3 S2 − 1) coth−1 S − 3 S] (3 T 2 − 1)},

=
Qp

4 π c
[RC

0 (S) − RC
2 (S)PB

2 (T )], 1712

�


RC
0 (S) := coth−1(S),

RC
2 (S) := PC

2 (S) coth−1 S − 3
2

S. 1722

S → ∞ �� �
 ���) l = 2 � l = 0 �� $b% ���)I6� 
� �6���� 
� �#d)�D &! RC
2 (S) � RC

0 (S)

.�) �� �L�M� 
� �# S �� ��) �c�	�� &�3���� 0) ��� � m�P� ��		
�� ���7� S−l−1 � Fr�
�m�P�

Φp ≈ Qp

4 π c S
,

≈ Qp

4 π r
, 1732

�*�) &�3���� � M
�� 0) �?V�7 r �

b → 0 � �- �	�� .�) ���/ F��G� �?�� �� &�3���� �
 *�) .�) 
�- � *6�- 9�
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[a] Poisson

[b] Legendre

[c] Wronski


