Today, let's talk about the law of gravitation and the orbits of planets.

One can begin from the law of gravitation and try to find the orbits,
or begin from the orbits and try to find the law of gravitation.

Newton's law of gravitation is FF_} - _ G MM ?_ (TZ B Y‘| )
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F 15 the force applied on the point mass 2 by the point mass 1.
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m] is the mass of the point mass 1 and m2 1s the mass of the point mass 2.
— —
r is the position of the point mass 1 and X" is the position of the point mass 2.

G is the universal gravitational constant.

As G and m1 and m2 are positive, the force applied on the point mass 2 by the point mass 1
1s towards the point mass 1. So this force 1s an attractive force.

It is also seen that the value of this force is inversely proportional to the distance
between the point masses, and also proportional to each of the masses.
G 1s the proportionality constant.



What about the laws about the orbits?

These are the so called Kepler's laws, originally formulated based on observations.

Historically, Kepler's laws came before the law of gravitation.
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The law of gravitation was somehow deducea from Kepler's laws.

The first law:
The orbit of every planet (around the sun) is an ellipse, with the sun being on one of

the focal pomts.

The second law:
The surface area swept by the line joining the sun to the planet, is proportional to the time.

The third law:

The ratio of (square of the orbital period of a planet) to
(the cube of the semi-major axis of its orbit) is a constant
(the same for all planets).

[ have to explain the things which have been used to state the laws.



What is an ellipse?

An ellipse 15 a set of all points on a plane, for which the sum of
the distaces from two fixed points (the focal points) is a constant.

n

Lo Fﬂinjf on The e”"[’ﬁé

y%
a<\._1_57‘
ioﬁqﬂ f“ikJ'S
The distance between the fegy peints
ts Je.m.tf_o( \DY @C’)

b d =10 (& Lons Tan )



For the triangle with one vertex being a point on the ellipse, and the two other vertices
being the focal points, the triangle theorem holds, that the length of each side
1s not larger than the sum of the lengths of the two other sides:
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So the distance of a point on the ellipse from a single point is a constant
(the same for all points on the ellipse} This means that in this case, the ellipse
is a circle. )
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This means that the sum of the lengths of two sides of the triangle is equal to the length
of the third side:
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This happens, if and only if the vertex shared between those two sides lies on the third side.
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So a is (the length of) the semi major axis.
Usually this "the length of" is omitted:
It is simply said that a 1s the semi major axis.
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As the planet moves, it goes from the pomt p1 (at the time t1) to the point p2 (at the time t2).
The blue region is the surfaced swept by the line joining the sun to the planet. The area of this
surface is denoted by (Delta S).

Kepler's second law states that the ratio of this area is proportional to (Delta t), where
Deltat=12 - tl.

That is to say, [(Delta S) / (Delta t)] 1s a constant.



This is similar to the case of a uniform motion, where the speed is a constant:
the distance divided by the time is a constant.

But for the motion of planets, the thing which is a constant is the ratio of the surface area
to the time: the distance has been replaced by the surface area.

Regarding the third law:
One difference of the third lawy/with the first and second laws 1s that

the first two laws are about the orbit of a single planet. But the third law
is a relation between the orbits of different planets.

The orbital period is the (smallest positive) time that takes for a planet to return
to its original position: the time it takes for the planet to repeat its motion.
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> 'P The planet begins from p, and after the period T
returns to p.

The surface area swept by the line joining the sun
to the planet during the period T, 1s of course
X the surface area of the ellipse.
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For the case that the planet 1'&11.11?140 its original position,
(Delta S) becomes S, and (Delta t) becomes T.
6 S S 1s the surface area of the ellipse, and T is the orbital period.
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The third law states that (T"2 / a"3) is the same for all planets.
This ratio is independent of the planet (its mass for example),
and independent of the orbit (its shape or position).

The equation for an allipse. The axes are chosen so that the x axis joins the focal points,

A ra and the origin is on one of the focal points. The direction of
the x axis is chosen so that other focal point is on the negative
P P
part of the x axis.
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* DJ For the dashed axes, the origin 1s on the middle of
the line segment joining the focal points.
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So b 1z the semi minor axis.

¢ 13 half of the focal distance, a is the semi major axis, and b is the semi minor axis.

Finally. let's write the equation of the elleipse in terms of the polar coordinates.
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Putting the origin on one of the focal pionts, the x axis on the line joining
the focal points, and the other focal point on the negative part of the x axis
(these where our first choice for the coordintaes)
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