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�! ��1� T �� �0 23 4 H �� �0 �
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% PX(x) .,
�!�� ��1� PX(T ) 4 PX(H) �� �0 ��&�'���
86)�� x � ���� 0! X �� � !�"#

PX(x) := P (X = x). �1�
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� �X� �
��� � !(3 �� �% �?
0! �� � 0�6@� �� ����= =�� � A��# =� ��� :0�;< �X(t) �� ��� � !�"# � 67%�� $%
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8,
�! �� D%�'� PX(t, x) �� �0 �!�
E� �0 x �� ��� t ���=

PX(t, x) := P [X(t) = x]. �2�

.!�� 9/� �0 X � >3�) !()�� 6%�
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�������� ��� �� �
������� 2

� :0�;<� .{X i | i} =� 6�� :0�;< X �� � !�"# � �
��� � �-'� �� ������ 6
7� H� 
��1� {X i} �� �0 � F4! �%� .>I1� � X i $% �� ��� X i �� �'� �� �<('J� �7
% K��
�0�') 4 ���%�+�� �% ��%�+�� ��� �-'� &(LK��M< �i � >3�) �� �<('J� �.,
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!46N� � ���� �� �0 !(3 ���@� �%� � �� 0! �ON� � �6)P!�� �� ��� .6)�� �0�')�� �%
P i �� �0 6)�� X i � ���� 0! X �� �%� � &�'��� .��� ��%�+�� �<('J� �%� �� ,
7���

8,
�!�� ��1�

P i := PX(X i). �3�

� ��
� �� .6�� �� �� ���QMR� �� P i �� � 0�!�� ��3�� 0�!�� $% !()�� ���
'� �%� ��
{ei | i} �� �7G+ �0 V �� �0�!�� �� �S 4 ,
7��� �
T� ei $% X i � ���� �� �� ��#�7 

8,
7��� U%�
#

V := span {ei | i}. �4�

=� ��� :0�;< �6�� �� �� ���QMR� �� P i �� � 0�!��

P :=
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P iei. �5�
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�� �%�+ �� �� 4 ���� V �� �0�!�� �� �S �� ��� �%�+ $% B := {ei | i} �� �<('J�
�� �0�!�� �� �S � ��54!� V

∗ �� ��� B∗ := {ei | i} �� �%�+ .,
%(5�� V �� P677�U%�
#
8,%�
5�� B �� �%�+ � ��54! �0 �V

V
∗ = span {ei | i}, eiej = δi

j . �6�

�0 V
∗ �� � S  �� � �0�!� � 4 �� �( � � �� � �W %� #� � �0 V �� � S  �� � �0�!� � !( )� �

!()�� F(M
� �6� =� P!�Q��� �� .� �5 ��Y� �� ��W%�#��

P i = eiP. �7�

� U%�
# �� .��� $% ��)� Z('J� �6�� &�'��� �� P i �([

S :=
∑

i

ei. �8�

!()�� F(M
�

SP = 1. �9�

��8� � U%�
# .��� 0�J7G� 0�!�� �� ,
%(5�� �!() $% � 0�!�� �� ���QMR� � Z('J� �5�
,� �9� � \�) .6�� $% �� �� ���QMR� �� �'� �� ��� ��Y� � W%�#�� $% S �7
%

.��� $% P �� ��(�� � W%�#�� �� ���QMR� � Z('J� �7
%
�W+ .6�� �Q7��� �%����7� �6�� &�'��� ��P i

∀i : P i = eiP ≥ 0. �10�

.��� �Q7��� 0�!�� �� ,
%(5�� �67)�� �Q7��� 4 �@
@� 0�!�� $% �� ���QMR� �� �'� �5�
��] �%�+ �5� .!0�! �5��	� �%�+ �� ��0�!�� � �!(�0�J7G� 4 �!(��Q7��� �� ��� �)40
4 F=K � \�) �^
#�# �%� �� .��� V �� P677�U%�
# �� �%�+ ��'� �� �;	� 0(T7� �!(1�
�� ������ 0! ,�	
� $% � �� �50��V � &�'��� V �� �S � 0�!�� $% �� �%� �� ��� � ��
�� � 0�!�� �� .6)�� �Q7�� � 4 0�J7G� 0�!�� �%� �� ��� �� �67� U
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  � 0�!� � $% !04� � � �0 � \�)�
7[

�.�	
� V �� �S �%= �V �� �S �� �-%_
 �� ��0�!��

� ���) � �@�	��Y3 �� �<('J� �� C�	
� � #$% �0�!� � �� �S $% �� �%� +
�� �%�+ $% K�� .��� �%�+ $% ��0�!�� �� �S � 6
� �� P=�6�� ��� 0�!�� � �� � !�6
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�� ��%�+ �%� �� �;	� 0�!�� �� � �!(��-%_
 �� 6
V �%� �� �6%�
E� �T� 0! V �� ��� �E%!
�%�+ �%� �� .6)�� = 0�,� �S �� P677�U%�
# �� �%�+ � ^	� �� 0�!�� �� � �!(��-%_
 

.,
%(5�� �-%_
 �� �%�+ $%
.��� �#$% �-%_
 �� �%�+ �1 �� ����

�%�+ �<('J� �%� �([ .6)�� �-%_
 �� �%�+ $% B′ := {e′i | i} 6
7� H� ��	
��

�� !0�! !(?4 M : V → V � ��� �%/+�40�4 �� �Y3 � �%6;# $% ����

e′i = Mei. �11�

� 0�!�� $% �% �-%_
 � 0�!�� �� �� 40 M−1 4 M � �a� �6�� �-%_
 4!�� �B 4 B′ �([
�?�%� =� .6�� �Q7��� M−1 4 M �� ��W%�#�� �� ���"7< �� �'� �%����7� .��� �-%_
 
�;	� 0�!�� �� � �!(��Q7��� �� �B �� �%�+ �� �;	� 0�!�� $% � �!(��Q7��� !()�� F(M
�

� 0�!� � $% ��Q7�� � � 0�!� � $% �� 40 M−1 � % M � � a� =� 4 ���� = 0�,� B′ �� �%� + � �
�� �S<� =� $% �� !()�� �J
�� ��7'b �B′ 4 B � �!(��-%_
 =� .6%��� ��! �� �Q7���
�� ��^%�b W+ ���� �-%_
 � 0�!�� $% e′i .��� �-%_
 � 0�!�� $% �<('J�4! �%�
6
7� H� .��� �;�� ���� =� � $% ,��� �! 4 ��Q7��� B �� �%�+ � ^	� �� �� � 2	�

e′i = αej + v, �12�

�� 40 c [ =� �0 M−1 .� �� � Q 7 �� � � 0�!� � $ % v 4 �� ; � � � !6 < $ % α �� 0! � �
8,
�!�� �a� K�� �� �Y��0 � 9�d4!

ei = αM−1ej + M−1v. �13�

!()�� �J
�� �?�%� =�

δk
i = αekM−1ej + ekM−1v. �14�

K�� �� �Y��0 � ���0 � 9�d �� ���M'? W+ �6�� �Q7��� �13� � ���0 � 9�d � 0�!��4! ���
!()�� �J
�� �?�%� =� .6�� �Q7���

ekM−1ej = βδk
i , �15�
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�%

M−1ej = βei. �16�

�J
�� .6)�� �QL�� 
f ,� el � ^%�b �B �� �%�+ � ^	� �� e′i � 2	� 0! 6
7� H� K��
!()��

M−1el = γei. �17�

� ��� � �QL�� 
f � 0�!�� �7
% �%� ��� .��� �%/+�40�4 M−1 �([ �6�� �QL�� 
f γ 4 β

� �!(��%/+�40�4 �� �� ���� �QL �� �� 40 M−1 � �a� �� !0�! !(?4 (β−1ej − γ−1el)

!(?4 �;�� � ^%�b $% �G7# 4 $% �B �� �%�+ 0! e′i � 2	� 0! W+ .��� 0�5=���� M−1

0�J7G� e′i �([ �6)�� $% 6%�� ,� �;�� � ^%�b �� .6�� �QL ��^%�b �� �
@� 4 !0�!
�W+ .���

∀i : (∃j | e′i = ej). �18�

W+ .6�� �%�+ 4!�� �B′ 4 B ��� .��� B �� �<('J��%= B′ W+

B′ = B. �19�

�

,�	
� �� �� ����' ����� 
f� �
YV �� ������ �� ��� �� �
SV �%� �� �7
�
.!0�6� !(?4 � \(MI� � ���� C23 �% 6%�
� �
) ��� �-'� �-� $% 86�� !� ���"N7�

�	�����
	��� 3

� !�6<� �� ,�	
� � =�J� �� ������ �� �<('J� =� � A��# =� ��� :0�;< �%/+P6��1� $%
�� ��� �)40 �Q � �%/+P6��1� �� ��� .�@
@�

PQ(q) := P (Q = q) =
∑

x∈Q−1(q)

P (X = x). �20�

.��� q ��1%� 4 0 Q � � a� �� �% �S<� �� �'� �� �<('J� �7
% �Q−1(q) �� �<('J�
!()�� Q ��� ��)�!,1[0��6@� �%� � �
5��
�
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E(Q) := 〈Q〉 :=
∑

q

q P (Q = q),

=
∑

i

Q(X i)PX(X i). �21�

,� � �E%! � �-) �� !()�� �0 �Y��0 �%� ��0�!���� �S �� �67�&(�� =� P!�Q��� ��
�� ,%�
5�� ��-%_
 �� �%�+ 0!� ��YV � W%�#�� $% �0 M(Q) � W%�#�� .�)(�

eiM(Q) = Q(X i)ei �22�

�� ��� �)40 :0(L �%� 0! .!04� �� �0

Q(X i)PX(X i) = eiM(Q)P, �23�

!()�� F(M
� �?�%� =� 4

〈Q〉 = SM(Q)P. �24�

�� �Y��0 =� P!�Q��� � � .,
�!�� ��1� Q � !(3 �� �0 M(Q) �5P!�� �� �� � �W+ �%� =�

� U%�
# �� 4 ��20�

eq :=
∑

i | Q(Xi)=q

ei �25�

�� ��� �)40

PQ(q) = eqP. �26�

.6�04��� �� �0 ���Y��0 �%� �� eq

∑
q

eq = S, �27�

4

eqQ = qeq. �28�
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�	�
 � ���� � �� ��� �� �	
��
�� 4

�5� ���� iaj U�k0�� � 67%�� $% X(t) �� � !�"# � 67%�� ,
%(5��

P [X(tn+1) = xn+1|X(tn) = xn, · · · , X(t1) = x1],

= P [X(tn+1) = xn+1|X(tn) = xn], tn+1 ≥ · · · ≥ t1, �29�

� �!�!�

�# �� �7
% �67)�� ��)�6� �5��	� ,�	
� � ���� �� K�� �� �d�) �� ��&�'��� 4
�� �d�) � &�'��� �� :0(L �%� 0! .6�(1� H(< �P [X(t1) = x1] �� ��

P (t2, x2|t1, x1) = P [X(t2) = x2|X(t1) = x1] �30�

.67%(5�� � !�"# � 67%�� � �50�1���
�� ,
7��� U%�
 # � W%�#�� �0 � !�"# � 67 %�� � �&�@� �� � %� &(N# � W%� #��

867)�� ���50�1��� �� �� ���"7<

eiU(t2, t1)ej := P (t2, X i|t1, Xj), t2 ≥ t1. �31�

�� �Y��0 =�

P (t2, X i) =
∑

j

P (t2, X i|t1, Xj)P (t1, Xj), �32�

!()�� P6%!

P(t2) = U(t2, t1)P(t1), t2 ≥ t1. �33�

!()�� �J
�� .,%�
5�� �T� 0! �0 t3 ≥ t2 ≥ t1 � ���= �� K��

U(t3, t1)P(t1) = U(t3, t2)U(t2, t1)P(t1), �34�

�� �5 �-%_
 �� �%� + � P�(I�&! � (S< �� !()�� �0 P(t1) � 0�!�� �([ ��?�%� =� 4
!()�� �J
��

U(t3, t1) = U(t3, t2)U(t2, t1), t3 ≥ t2 ≥ t1. �35�

!()�� F(M
� �33� �� �Y��0 =� ��7'b
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U(t, t) = 1. �36�

.ei ,%0�/5�� P(t1) �� �? �� 4 �,
7��� *�b S 0! ���0 =� �0 �33� �� �Y��0 � 9�d4!
��9� �� �?(# ��

SU(t2, t1)ei = 1. �37�

W+ .��� 0��V�� i �� �� �=� �� �Y��0 �%� ���

SU(t2, t1) = S. �38�

�� ���"7< �� 7'b .��� $% U � &(N#�W%� #� � � �( �� �� � A'? �7
 % �Y ��0 �%�
86�� �Q7��� �� �6�� �d�) �� ��&�'��� U � W%�#��

U i
j(t2, t1) ≥ 0. �39�

� � 6 �� �� �� �� � �  � � 4 F=K �� � �\� ) ��39� 4 ��38� ��36� ��35� �� � �� Y ��0
�?(# .67)�� ,�	
� $% �� ��&(N#W� %�#�� �t2 ≥ t1 ��� U(t2, t1) �� �� �% ��W%�#��
�� ��\�) �� � &�� 0! �6�� W%�#�� $% �� ��� \�) ��39� 4 �38� �� ��\�) �� 6
7�

.67�	� ��W%�#�� �� P!�(��3 �� ��� �% ��\�) ��36� 4 �35�
!()�� �J
�� �35� �� �Y��0 =� P!�Q��� �� ���		5���= �� ��67%�� �� ���

U(n, 0) = U(n, n − 1) · · ·U(1, 0), �40�

�� P� 
 � � �$% � A �� # $% � ��	��! �U(n, m) �� P� 
� � �4! � A �� # � �
 
 
 # �� �� � �7
 %
.,
%(5�� F�5$# � &(N#W� %�#�� ���%� �� .��� � �� U(n, n − 1)

�J
�� .,%�
5�� m�1� t′ �� �;	� U(t′, t) � :0�;< =� ����(
+���= �� ��67%�� �� ���
!()��

∂

∂t′
U(t′, t) =

[ ∂

∂s
U(t′ + s, t)

]∣∣∣
s=0+

,

=
[ ∂

∂s
U(t′ + s, t′)

]∣∣∣
s=0+

U(t′, t), �41�

� U%�
# �� 4
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H(t′) :=
[ ∂

∂s
U(t′ + s, t′)

]∣∣∣
s=0+

, �42�

!()�� �J
��

∂

∂t′
U(t′, t) = H(t′)U(t′, t). �43�

� �
	���Q%!�� ��!�
� .67%(5�� ����=&� �@��� � 6�(� �%� �7�M
'� � W%�#�� H � W%�#�� ��

� U%�
# =� ��7'b .67��� >I1� �0 U � &(N#W� %�#�� ��36� �� �
�4� � \�) �� P�0,� K��
6%��� ��! �� H �� ��� ��39� 4 �38� �� ���Y��0 4 ��42�

SH = 0, �44�

4

Hi
j ≥ 0, i �= j. �45�

�QL H � �(�� �� �� ���"7< � Z('J� 4 �6�� �Q7��� H �� ��YV�� 
f �� ���"7< �7
%
�� U P�5�� �!04� �� �0 �45� 4 �44� �� ���Y��0 H �5� �� !()�� P6%! ��
7[,� .���
$% �� �35� �� �Y��0 .!04��� �� �0 �39� 4 ��38� ��35� �� ���Y��0 ��36� 4 �43� � \�)
��1� ��� � �� ,� �39� �� �Y��0 � �!04���!�� �� ��� .!()�� P6%! P!�� �� �0�/5�?
.!()�� P6%! �44� 4 �43� =� �%� �� ���� �QL U &4� � �
��� �� �;	� �� � m�1� ,
�!
�0 �36� �� �=�� � \�) �� �43� � *�(? �� 6
7� �?(# ��38� �� �4�	��� � m
@N# �� ���

�)(� �
7[ !()��

U(t′, t) = lim
Δt→0

[1 +Δt H(tn)] · · · [1+ Δt H(t1)], tk := t + kΔt, Δt :=
t′ − t

n
.

�46�
�� �'� �� !� � � 0� � !()�� �$[(�� � �6� �� � �� Δt � *�I� �� � � � � ��� �)40
�� ���"7< �J
�� 0! 4 �!() �Q7��� K�� �� ���)4�� �� �'� �� �	%�#�� �� ���"7<
�� � �6 7 %��  �� �� � �^ 
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d
dt

P(t) = H(t)P(t). �47�
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U(t′, t) = U(t′ − t). �48�
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U(t′, t) = exp[(t′ − t)H ]. �50�
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��N%�L �� �� �E� ���� �-%_
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norm(v) :=
∑

i

|vi|, �51�
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 �� ��0�!�� � &(d �� !()�� P6%! .6�� �-%_
 �� �%�+ �� �;	� ���QMR� ��� 0! ��
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[norm(Mv)
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]
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|U i
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(∑
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U i
j

)
|vj |,

=
∑
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|vj |. �53�
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�� �?�%� =� .��� v � F�� �� �4�	� �% =� �#$[(� Uv � F�� �%����7�
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'
# � 0�!��Pr%4 $% v � ��� � �QL��
f � 0�!�� 67%(5��
0�!� �Pr %4 .6)� � �QL 0�!� � �%� � � (M − λ) =� � ��( # � � a� �5� ���� λ � 0�6@�Pr %4 � �

.��� $% ��(# �%� �� �� ��� �� ���� �� �%,
'
# � 0�!��Pr%4 =� � u�3 � ����

� 6��4&� (d�� � 0�6@�Pr%4 $% �� �t�7�� �� �� �%,
'
# �� ��0�!��Pr%4 �� �'� �6 �� ����

.6�� �� � 0�!��Pr%4 �&(N# � W%�#�� $%
�� !0�! !(?4 v � ��� � �QL��
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(U − λ)2v = 0. �55�

!()�� �J
�� �?�%� =�

(U − λ)v = u, �56�

!()�� �J
�� .��� �QL u �� 40 (U − λ) � �a� �� 0! ��

Unv = λnv + nλn−1u, �57�

�?�%� =� 4

norm(Unv) ≥ n|λn−1|norm(u) − |λn|norm(v). �58�
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U ′ := αU + (1 − α), �59�
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I ′′ := {i| ei ∈ B′′}. �70�

.,
�!�� D%�'� ∑′′ 4 ∑′ �� ^
#�# �� ��0 I ′′ 4 I ′ �� ���<('J� �� 40 �67�A'?
4 �6)�� |λ| = 1 �� λ � 0�6@�Pr%4 �� �t�7�� U � 0�!��Pr%4 $% v 6
7� H� 
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v =
∑

i

′′
viei, �71�

,%0�! .v ∈ span (B′′) �7
%

∑
i

′′|vi| =
∑

i

′′|(λ)nvi|,

=
∑

i

′′∣∣∣∑
j

(Un)i
jv

j
∣∣∣,

=
∑

i

′′∣∣∣∑
j

′′
(Un)i

jv
j
∣∣∣,

≤
∑
i,j

′′
(Un)i

j |vj |,

≤
∑

j

′′|vj |. �72�

F4! �� �4�	��� �� 6
7� �?(# K�� .P6) P!�Q��� �71� ��Y��0 =� �F(� �� �4�	# 0!
�%� ��7'b .∑′′

i (Un)i
j = 1 �% vj = 0 �% �j ∈ I ′′ �� �� �=� �� �� !()�� �4�	# � ���=

j ∈ B′′ �� �� �=� �� ��
SV � H� � m;d ��� .6)�� ��0! n �� �'� �� ��� 6%�� �Y��0
.∑′′

i (Un)i
j < 1 �J
 � � 0! 4 �(Un)k

j �= 0 �� !� � �6 
 + k ∈ B′ $% 4 n $% !()��

� H� 4 !()�� �QL v � !(3 �%����7 � .6)�� �QL 6%�� vj �j ∈ B′′ �� �� �=� �� W+
.!()�� �J7� }V�7# �� �71� � H� �7
% .��� ��0!�� �� � �!(�0�!��Pr%4

�

�� � <( ' J �� %= 4! � Z� ' � ?� B �� � - %_ 
  �� � %� + 6 
 7 � H�  �12 �� � � � �

=� � $% �� �t�7�� �� �-%_
 � ���� �� U � &(N#W� %�#�� 4 �6)�� B′′ B′ � |���)��� 46�
=� � $% ,��� �! �� �t�7�� �� �-%_
 � ���� �� ,
@�	��� 
f � 0(d �� �0 B′′ �� �S<�
B′ �� �S<� =� � $% �� �t�7�� �� �0 �% �-%_
 � ���� {
� 4 �67� �%6;# B′ �� �S<�
.67-� �%6;# B′′ �� �S<� =� $% {
� �� �t�7�� �� -%_
 �� ��� �� ,
@�	���
f � 0(d �� 6)��
P�5�� �6)�� $% � &(d �� � 0�6@�Pr%4 �� �t�7�� U � 0�!��Pr%4 $% v �5� �:0(L �%� 0!

.v ∈ span (B′)

,%0�! .6)�� |λ| = 1 �� λ � 0�6@�Pr%4 �� �t�7�� U � 0�!��Pr%4 $% v 6
7� H� ��	
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∑
i

′′|vi| =
∑

i

′′|(λ)nvi|,

=
∑

i

′′∣∣∣ ∑
j

(Un)i
jv

j
∣∣∣,

=
∑

i

′′∣∣∣∑
j

′′
(Un)i

jv
j
∣∣∣,

≤
∑
i,j

′′
(Un)i

j |vj |,

≤
∑

j

′′|vj |. �73�

�� 4 �j ∈ I ′ �� �i ∈ I ′′ �� �� �=� �� �� P6) P!�Q��� �%� =� 0� � �%� �F(� �� �4�	# 0!
� % �j ∈ B′′ �� �� �=� � � �� !()�� �4�	# � ���= F4! �� �4�	�� � .(Un)i

j = 0 �n
��� .6)�� ��0! �� n �� �'� �� ��� 6%�� �Y��0 �%� �� 7'b .∑′′

i (Un)i
j = 1 �% vj = 0

�� !�� �6 
 + k ∈ B′ $% 4 n $% !()�� j ∈ B′′ �� �� �=� � � �� 
SV � H� � m;d
.6)�� �QL 6%�� vj �j ∈ B′′ �� �� �=� �� W+ .∑′′

i (Un)i
j < 1 �J
�� 0! 4 �(Un)k

j �= 0

�

� ���� U � &(N#W� %�#�� �j 4 i � _%�'�� � !6<4! �� �� �=� �� 6
7� H� �13 �� ����

�� ��0�6@�Pr%4 :0(L �%� 0! .67� �%6;# Xj � ���� �� ,
@�	��� 
f � 0(d �� �0 X i

�%� =� $% �� � � �t� 7 �� � 0�!� �Pr %4 �� ���QM R� �� �'� 4 67�	
 � � ��567[ $%&� (d� �
$% � 0�6@�Pr%4 �� �t�7�� � 0�!��Pr%4 �� ���QMR� �� �'� �Pr%4�� .6�� �QL��
f ��0�6@�Pr%4

.!�� �;�� !()�� �0
�� �t�7�� � 0�!��Pr%4 $% v 6
7� H� .B′′ := B − B′ 4 B′ := {ei} 6%�
E� ��	
��

��� .vi �= 0 !()�� �J
� � �11 �� �
SV =� P!�Q ��� � � .6)� � |λ| = 1 � � λ � 0�6@�Pr %4
6
7� �?(# K�� .6�� �QL�� 
f v �� ���QMR� �� �'� W+ .��� ��0! i �� �� �� � �%�

� 0�!��Pr%4 λ �� �5���567[ � !�6
# �� �6 �� �
SV � �d�3 �� �6)�� ���567[ λ �5� ��
�� �t�7�� � �@�	� � 0�!��Pr%4 4! �5� ��� .!0�! !(?4 λ � 0�6@�Pr%4 �� �t�7�� � �@�	��Y3
�� �t�7�� � 0�!��Pr%4 ,� ���� =� �Y3 � ^
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,��� �! �� � �5 ��7[ !()�� �0 �Y3 � ^
��# � ��^%�b 4 ���� 0�6@�Pr%4 ��'�
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�� 7 �� �
SV =� ,� ,-� � �3� � �'	V .�	
� ���567[ λ �J
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�
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�� ��67 %�� �� �� � ,� 4 ��		5���= �� ��67 %�� �� �� � ,� ��;V � DI� �� ���
SV
���(
+���= �� ��67%�� �� ��� �G7# �6%��� &�;�! �� �� �% ���
SV .6�!(� ���(
+���=
�7 � M 
'� � W%� #� � $% .,
 7 ��� P!�Q ��� ,� �7 � M 
'� � W%� #� � =� �?�%� 0! .6 ��
�� �� �%�+ �,� DI� �%� 0! .!04��� �� �0 �45� 4 �44� �� ���Y��0 �� ��� � W%�#��

.��� �-%_
 �� �%�+ !4 0�� 0�� ��
=� �43� 4 �36� �� ���Y��0 �� �� �U � &(N#W� %�#�� �� ��YV �� ���"7< �14 �� ����

.6�� �;�� �6%��� ��! �� H �� ���(
+ yy���-# �� �7�M
'�
���(
+ yy���-# H �([ .��� �46� � �-) �� �43� 4 �36� �� ���Y��0 � *�(? ��	
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−R �0 � 7 
 ' � � %� .!0�! !(?4 [t, t′] �� 40 �� �� ��Y V �� � ��"7< �� � 7 
 ' � ����
,%�
5�� K�� .��� ��Q7��� � !6< R� ,%�
5��

N := 2R(t′ − t). �74�

�� � �� " 7 < �� � ' � P� 5�� �n > N , %� 
 E � �46� �� � Y ��0 0! � 5� � � � �� � )40
=� �#$[(��� 4 �;�� ��46� �� �Y��0 � m;d Δt � U%�
# ��� 1 + Δt H(tk) �� ��YV

� :0�;< �� �����< �� ���"7< �� �'� �([ �P4�< �� .6�� Fn := 1 − (t′ − t)R/n

�� �4�	# � ���09� �d

Un := [1 + Δt H(tn)] · · · [1 + Δt H(t1)] �75�
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.6�� (Fn)n =� �#$[(��� Un � W%�#�� �� ��YV �� ���"7< !()�� �J
�� �6�� �Q7���
���

lim
n→∞(Fn)n = exp[−(t′ − t)R], �76�

���� K�� � :0�;< =� �#$[(��� Un � ��YV �� ���"7< � 6� !()�� �J
�� �?�%� =� 4
.6�� exp[−(t′ − t)R] � �;�� � !6< �� �4�	� �% =� �#s0_� U �� ��YV �� ���"7< �7
%

�

�6%��� �7�M
'� $% =� �� � &(N#W� %�#�� � 6��4&� (d�� � 0�6@�Pr%4�G7# �15 �� ����

.��� $% � !(3
.��� 14 4 10 �� ���
SV � ,
@�	� �� �J
�� �
SV �%� ��	
��

�

�;��� � ��0�6@�Pr%4 �� �@
@� � �x _? ��7�M
'�W� %�#�� $% �� �� � �16 �� ����

�� �'� 4 ���� �QL � !(3 ��� �QL �� �� �@
@� � �x _? �� � 0�6@�Pr%4�G7# ����
.6�� 0�!��Pr%4 �QL � 0�6@�Pr%4 �� �t�7�� �� �� �%,
'
# �� ��0�!��Pr%4

−R �� �� ��Y V �� � ��"7< �� � 7 
 ' � 4 �� 7 � M 
 '� � W%� #� � $% H � 5� ��	 
 ��

C��� &(N# � W%�#�� $% U := 1 + (2R)−1H P�5�� ����� �Q7��� � !6< R� �6)��
�G7# 4 �5� ���� H � 0�6@�Pr%4 $% h 4 C6�� ���$% U 4 H �� �� �%,
'
# �� ��0�!��Pr%4
�� � u�V 0! 6%�� λ �2 �� �
SV � m;d .6)�� U � 0�6@�Pr%4 $% λ := 1 + (2R)−1h �5�
(2R) Z� �
) 4 (−2R) � _��� �� � u�V 0! 6%�� h W+ .6)�� $% � Z�
) 4 �x 6;� � _���
�%� �� �Y@��G7# 4 ���� �;���� u�V �%� �� ���Y@� �� �'� �� �@
@� � �x _? .6)��

.��� �x 6;� ��QL �� �@
@� � �x _? �� u�V
�� ' � �� Q L � 0�6 @ �Pr %4 � � � t� 7 � � H �� � �  � %, 
 ' 
 # �� � �0�!� �Pr %4 �F� J ��� �
6 �� �
SV � m;d �� �6�� $% � 0�6@�Pr %4 � � �t� 7 �� U �� �� � %,
'
 # �� ��0�!� �Pr %4

.67�	� ,� H � 0�!��Pr%4 W+ �6�� U � 0�!��Pr%4
�

.��� �%/+�40�4 ���(
+���= �� � !�"# � ,�	
� $% � &(N#W� %�#�� �17 �� ����

P6 %! �5P!��� � .6 %��� ��! � � �46� �� �Y ��0 =� U(t′, t) � &(N #W� %� #� � ��	 
 ��

�� U−1 �� !()��
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U−1(t′, t) = lim
Δt→0

[1−Δt H(t1)] · · · [1−Δt H(tn)], tk := t+kΔt, Δt :=
t′ − t

n

�77�
.��� W%�#�� �%� � �40�4

�

-����.�#	/ � ����� 7

� &�'��� ,
��(3�� .��� P(0) �QL � ���= 0! � !�"# � ,�	
� $% � ���� 6
7� H� 
,%0�! .,
7� *�	� �0 !�
E� q � 0�6@� t � ���= 0! Q � �
'� �� �%�

PQ(t, q) = eqP(t),

= eqU(t, 0)P(0). �78�

� U%�
# ��

eq(t) := eqU(t, 0), �79�

�� ��0�!��Pr%4 �� 4 �)�!�� ,�	
� � &�'���0��!�� =� �0 &(N# !()�� �� !()�� F(M
�
8!�� �@�7� ���
'� � c[

PQ(t, q) = eq(t)P(0). �80�

,%0�! ���� $% � 0�6@�Pr%4 �� U � c[ � 0�!��Pr%4 S �([
∑

q

eq(t) = S. �81�

� 0�!��Pr%4 eq(t) �� !�� U%�
# ��7[ �0 Q(t) � W%�#�� !()�� �6)�� �%/+�40�4 U �5�
86)�� q � 0�6@�Pr%4 �� �� � c[

Q(t) := U−1(t, 0)QU(t, 0). �82�

!()�� t � ���= 0! Q �� ��)�!,1[0��6@� :0(L �%� 0!
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〈Q〉(t) = SQ(t)P(0). �83�
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= [Q(t), HH(t)], �84�

��� 0! ��
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P a :=
∑

i | Xi∈Y a

P i,

=:
∑

i

a
P i. �87�
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∑

i

a
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ei,
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=
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a

∑
i

a
ei,

=
∑

a

ea, �91�
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∑
a

P a = 1. �92�
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b , �95�
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#

P a = eaP̃. �96�

8,%� P!�� U%�
# V 0! �=0�,� �� �Y��0 $% �� ��� �%� ,%� P!�� �� � 0�� AV�4 0!

ei ∼ ej ⇔ (∃a | X i, Xj ∈ Y a). �97�
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∀a : [X i, Xj ∈ Y a ⇒ Q(X i) = Q(Xj)]. �99�
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aea,
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ebQ̃ea := ebQei, X i ∈ Y a, �102�
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P (Y b|X i) =
∑

j

b
P (Xj |X i),
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j

b
U j
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= ebUei. �103�
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∀a, b : [X i, Xj ∈ Y a ⇒ P (Y b|X i) = P (Y b|Xj)], �104�
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�� ��� = 0�,� ��

ebU =
∑
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ebŨea := Ũ b
a. �108�

,� S 4 �6�� �Q7��� �5�'< �%� �� ��YV�� 
f �� ���"7< !�! ��1� !()�� �5P!����
.��� &(N# � �5�'< ��
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∗ �� H � �a� �5� �W-< �� .6��'�

W+ .6����� Ṽ
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