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L = L(q, q̇) = T (q, q̇) − V (q), '1(
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− Mi j ẍi − Ki j xj = 0. '2(
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Mi j :=
∂2T

∂q̇i ∂q̇j
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q=q0

,

Ki j :=
∂2V

∂qi ∂qj
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q=q0

,

xi := qi − qi
0. '3(
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Mj i = (Mi j)∗,

Kj i = (Ki j)∗. '4(
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K uλ = λM uλ, '5(
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x · y := Mi j (xi)∗ yj . '6(
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K := M−1 K, '7(
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Kuλ = λuλ. '8(
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(Kx) · y = x · (Ky) = Ki j (xi)∗ yj . '9(
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[S, K] = 0. '10(
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V1 := {x | S x = ζ x}. '11(
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V2 := {x | ∀y ∈ V1 : x · y = 0}, '12(
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S̃ M S = M, '14(
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S̃ K S = K. '16(
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S−1 KS = (S̃ M S)−1(S̃ K S). '17(
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K eb ub
λ = λM eb ub

λ, '18(
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K ′
a b ub

λ = λM ′
a b ub

λ, '19(
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M ′
a b := (ei

a)∗ Mi j ej
b,

K ′
a b := (ei

a)∗ Ki j ej
b. '20(
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M ′
b a = (M ′

a b)
∗,

K ′
b a = (K ′

a b)
∗, '21(
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�� �� x y �
 �F5
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 ��� �� 3 �������
 ���� 6

��$� ����� �.=��#��  / �� �F5
 �� HC
;
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 �F5
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 I��d
��� ��  ���E�� �/=�p �
 �/�S!D� 
 -	� � L�� *#� �&�� \*��E.
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 ���  / �/3� �� � ?� �� ������ �
 ���� 4 ������ )���P� �q �,�
������ '����� �
 ���� 9( =�1�=��# �
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 ��� ��!D# � I�� �
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Mi j (X i)∗ Xj = m(|x1|2 + |y1|2 + |z1|2 + |x2|2 + |y2|2 + |z2|2)
+m′(|x3|2 + |y3|2 + |z3|2), '22(

�

Ki j (X i)∗ Xj = k| − (x1 − x3) cos θ − (y1 − y3) sin θ|2

+k| − (x3 − x2) cos θ + (y3 − y2) sin θ|2 + k′|x2 − x1|2,'23(

�� ����� x 
 ��F� ���� ;��4� 
 *��< �� i �
 =�p 
 k��F�� �
 �/�S!D� (xi, yi, zi) ��
�
 =�p 
 ����� �
 ����� � ���� TCM� �
 =�+�` �
 �� 2 � 1 �
 �/=�p �*#� TCM� �
 =�+�`
�/ � � �a�$!� )*#� =��< ;��4� 
 *��< �� �x 
 ��F� 
 *,M� 
 *m� �� 3 �
 =�p �� 1
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 6Z� �� �� Λ 
 �4��� 
 ���:�=��� �K �
 λ 
 ���:�=���

λ =:
k

m
Λ '24(

� '�F5
 �� *��<( zi = 0  ���E.�� O�<

m(x1 + x2) + m′ x3 = m(y1 + y2) + m′ y3 = 0 '25(

����� �b	!� )'*��s I��d
���(

M ′
a b (X

′a)∗ X
′b = m

(
1 +

m

m′
)

(|x1|2 + |y1|2 + |x2|2 + |y2|2)

+
m2

m′ (x
∗
1 x2 + x∗

2 x1 + y∗
1 y2 + y∗

2 y1), '26(

�

K ′
a b (X

′a)∗ X
′b = k

∣∣∣[(1 +
m

m′
)

x2 +
m

m′ x1

]
cos θ

−
[(

1 +
m

m′
)

y2 +
m

m′ y1

]
sin θ

∣∣∣2

+k
∣∣∣[(1 +

m

m′
)

x1 +
m

m′ x2

]
cos θ

+
[(

1 +
m

m′
)

y1 +
m

m′ y2

]
sin θ

∣∣∣2

+k′|x2 − x1|2. '27(

�!#�� ��& ����� �
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 ���� 9 �� �CN"� ?� ��-�� ��
�
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 6��,� � ��	.�� ��� �� �� � 3��:� )*#�� ��& �����

S(x1, x2, x3, y1, y2, y3, z1, z2, z3) := (−x2,−x1,−x3, y2, y1, y3, z2, z1, z3) '28(
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 �F5
 �� *,"� u�Z4�� 0`�� �� �6��,� -�� )*#�
\*��� =�����`�� �
 ������
 ���� 4 �
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S′(x1, x2, y1, y2) := (−x2,−x1, y2, y1). '29(

�a�$!� )ζ = −1 � ζ = +1 \���� d��P!� 
 ���:�=��� 2 6��,� -�� ����� =��� �.=��#��
\*"/ ��4� 2 �
 �G&=��� ?�  / �/���:�=��� -�� �� ?� �/ ��

ζ = +1 : x2 = −x1 = −x, y2 = y1 = y, '30(

�

ζ = −1 : x2 = x1 = x, y2 = −y1 = −y. '31(

�ζ = +1 �
 ���

M+
α β (X+ α)∗ X+β = 2m |x|2 + 2m

(
1 + 2

m

m′
)
|y|2, '32(

�

K+
α β (X+ α)∗ X+β = 4k′ |x|2 + 2k

∣∣∣x cos θ +
(
1 + 2

m

m′
)

y sin θ
∣∣∣2 . '33(

�J7

M+ = 2m

(
1 0
0 μ

)
, '34(

�

K+ = 2k

(
ν + cos2 θ μ sin θ cos θ

μ sin θ cos θ μ2 sin2 θ

)
, '35(

��

μ : = 1 + 2
m

m′ ,

ν := 2
k′

k
. '36(

���-�� ��
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K+ =
k

m

(
ν + cos2 θ μ sin θ cos θ

sin θ cos θ μ sin2 θ

)
, '37(

������ K+ 
 �4��� �
 �/���:�=��� �

Λ+
± =

ν + cos2 θ + μ sin2 θ ±
√

(ν + cos2 θ + μ sin2 θ)2 − 4μ ν sin2 θ

2
. '38(

*#� �� �� '30( �� y � x 
 *,"� ����� �.=��#�� ��/���:�=��� -�� �� ?� �/ �� �a�$!�
)������ -		4�  / K �
 �/�����=��� �� �� 2 H	��� -�� �� � �����

�ζ = −1 �
 ���

M−
α β (X−α)∗ X−β = 2m

(
1 + 2

m

m′
)
|x|2 + 2m |y|2, '39(

�

K−
α β (X−α)∗ X−β = 2k

∣∣∣(1 + 2
m

m′
)

x cos θ + y sin θ
∣∣∣2 . '40(

�J7

M− = 2m

(
μ 0
0 1

)
, '41(

�

K− = 2k

(
μ2 cos2 θ μ sin θ cos θ

μ sin θ cos θ sin2 θ

)
. '42(

���-�� ��

K− =
k

m

(
μ cos2 θ sin θ cos θ

μ sin θ cos θ sin2 θ

)
, '43(

������ K− 
 �4��� �
 �/���:�=��� �

Λ−
− = 0,

Λ−
+ = μ cos2 θ + sin2 θ. '44(

�� �� '31( �� y � x 
 *,"� ����� �.=��#�� � / �/���:�=��� -�� �� ?� �/ �� �a�$!�
)������ -		4�  / K �
 �/�����=��� �� ���� �� 2 H	��� -�� �� � ����� *#�
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� *#� fX]O����"!� TCM� �� *#� -�� �O�� 
 ;�M� 
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 *��< ?�

m′ = m, k′ = k. '45(

�*��< -�� ��

θ =
π

3
, μ = 3, ν = 2, '46(

�/��� �b	!� ��

Λ+
+ = 3, Λ+

− = Λ−
+ =

3
2
. '47(
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 6	S5� �� �� y�> 
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Mi j (X i)∗ Xj = m(|x1|2 + |y1|2 + |x2|2 + |y2|2 + |x3|2 + |y3|2),
= m(r∗1 • r1 + r∗2 • r2 + r∗3 • r3), '48(

�

Ki j (X i)∗ Xj = k[| − (x1 − x3) cos θ − (y1 − y3) sin θ|2

+| − (x3 − x2) cos θ + (y3 − y2) sin θ|2 + |x2 − x1|2],
= k[|n1 3 • (r1 − r3)|2 + |n3 2 • (r3 − r2)|2

+|n2 1 • (r2 − r1)|2]. '49(

���-�� ��

ri :=
(

xi

yi

)
, '50(

�

n1 3 :=
(−c

−s

)
, n2 1 :=

(
1
0

)
, n3 2 :=

(−c

s

)
, '51(

��

c + i s = ei 2π/3. '52(
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(

u1

u2

)
•

(
v1

v2

)
:= δα β uα vβ . '53(

?� �m$ � � ?� �*1.��� -�� � � �a� $ !� )� �� 	� � �� � � 3 
 *1.��� ?� �� σ

�� *"/ Rσ 
 J�����

Rσ ni j = nσ(i) σ(j). '54(

�/ �
 ��� �� �$4� �*#� ���4!� J����� -�� �Y $P] )��� �:	:<J����� -�� �
 �/�5CN�
�v � u 
 �������

(Rσ u) • (Rσ v) = u • v. '55(

�τ � σ �
 ���� 3 
 *1.����� �/ �
 ��� �� ����� =��� �.=��#�� �Y$P]

Rσ Rτ = Rσ τ . '56(

)���	�� ��� �� �� 6��,� -�� O�<

ri → r′i := Rσ rσ−1(i). '57(

�6��,� -�� 
 *F�

ni j • (r′i − r′j) = ni j • [Rσ(rσ−1(i) − rσ−1(j))],

= [Rσ−1 ni j ] • (rσ−1(i) − rσ−1(j)),

= nσ−1(i) σ−1(j) • (rσ−1(i) − rσ−1(j)), '58(

�

r′∗i • r′i = r∗σ−1(i) • rσ−1(i). '59(


 3��:� 6��,� -�� �$4� '59( � �*#� 6	"��! 7�
 �2��� 
 3��:� 6��,� -�� �$4� '58(
?� ���� 3 
 *1.��� �/ �� �a�$!�  !"	# -�� �H	��� -�� �� )*#� �1,$��
 �2���

)��� fX]O����"!� 
 TCM� �
 �#�$/ �
 �/3��:� 0`�� �� �/-�� )���� 3��:�
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 *1.��� �� σ

σ(1) = 2, σ(2) = 3, σ(3) = 1. '60(

\*#� (2π/3) �
 =����� �� R>�@ 
 J����� Rσ ����� =���

R := Rσ =
(

c −s

s c

)
. '61(

)������� �� �� �9��� -�� σ 
 *1.��� �� �a�$!� 
 3��:� �
 �/�����=���

r1 = r , r2 = χ−1 R r, r3 = χ−2 R2 r, r = χ−3 R3 r. '62(

���-�� �� )*#� =��D�;� r )*#� 6��,� 
 ���:�=��� χ

χ−3 R3 = 1, '63(

�*#� '���P/ 
 6��,� �$4�( (2π) �
 =����� �� R>�@ R3 3�@ �

χ3 = 1. '64(


 ���:�=��� �� �a�$!� 
 �����=��� �
 ��� )*#� '��& �b	!� �� �( ?� 
 I��# �
 �1�� χ J7
�χ

M ′
α β (X ′α)∗ Xβ = 3m r∗ • r, '65(

�

K ′
α β (X ′α)∗ Xβ = 3k|n2 1 • [(χ∗ R − 1)r]|2,

= 3k|(χ∗ c − 1)x − χ∗ s y|2. '66(

���-�� ��

M ′ = 3m

(
1 0
0 1

)
, '67(

�

K ′ = 3k

(
χ c − 1
−χ s

)
(χ∗ c − 1 −χ∗ s ) . '68(
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K′ =
k

m

(
χ c − 1
−χ s

)
(χ∗ c − 1 −χ∗ s ) . '69(

� �5
 ������ J����� -�� �
 =���4��� �
 �/���:�=���

Λ = 2 +
1
2
(χ + χ∗). '70(

�� ��� z��,+ ��b� �
 �/ χ

χ = 1, ei 2π/3, e−i 2π/3. '71(

�J7

Λ = 3,
3
2
,

3
2
, '72(

)*#� '47( 3�P/ ��
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